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Universal coverings of Steinberg Lie algebras of small characteristic 


Yun Gao and Shikui Shang 


Abstract 

It is well-known that the second homology group H‘ 2 {st n (R)) of the Steinberg Lie 
algebra stn(R) is trivial when n > 5. In this paper, we will work out #2 (st n (/?.)) 
explicitly for n = 3,4 which are not necessarily trivial. Consequently, we obtained 
H 2 (sl n (R)) for n = 3,4. 

Introduction 

Steinberg Lie algebras stn(R) and/or their universal coverings have been studied by Bloch 
[Bl], Kassel-Loday [KL], Kassel [Ka], Faulkner [F], Allison-Faulkner [AF], Berman-Moody 
[BM], [Gl, 2] and [AG], and among others. They are Lie algebras graded by finite root 
systems of type Ai with l > 2. In most situations, the Steinberg Lie algebra st n (A) is the 
universal covering of the Lie algebra sl n (R) whose kernel is isomorphic to the first cyclic 
homology group HCi(R) of the associative algebra R and the second Lie algebra homology 
group H 2 (stn(R)) = 0. It was shown in [Bl] and [KL] that A 2 (stn(A)) = 0 for n > 5. [KL] 
mentioned without proof that A^st^A)) = 0 for n — 3,4 if | G lies in the base ring K. 
This was proved (see [Gl] 2.63) for n — 3 if | e K and for n = 4 if \ E K. 

I 11 this paper, we shall work out H 2 (st n (R)) explicitly for n — 3,4 without any assumption 
on (characteristic of) K. It is equivalent to work on the Steinberg Lie algebras 5t ri (i?) of 
small characteristic for small n. This completes the determination of the universal coverings 
of the Lie algebras st^A) and sl n (R ) as well. 

More precisely, let K be a unital commutative ring and R be a unital associative K- 
algebra. Assume that R has a A'-basis containing the identity element (so A is a free 
A'- module). The Lie algebra sl n (R) is the subalgebra of gl n (R) (the n by n matrix Lie 
algebra over K with coefficients in A), generated by 6ij{a ) for 1 < i ^ j < n, a e A, where 
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e,j is the standard matrix unit. The elements e l3 (a) satisfy certain canonical relations. The 
Steinberg Lie algebra st n (R) is defined by generators corresponding to e l3 {a) and those same 
canonical relations. 

Recall that the radical r(n) of a positive integer n = p 3 f • • -p 3 k k is defined to be p± ■ ■ -pk, 
where pi,... ,pk are distinct prime numbers and ji, ■ ■ ■ ,jk are positive integers. For example, 
r(3) = 3 and r(4) = 2. For any positive integer m, set 

X m = mR + R[R, R] and R m = R/T m - 

Our main result of this paper is the following. 

Theorem let K be a unital commutative ring and R be a unital associative K -algebra. 
Assume that R has a K -basis containing the identity element. Then 

H 2 {sin{R)) = Rr(n ) 6 , 

the direct sum of six copies of R r ( n ), for n = 3,4. In particular, if R is commutative and the 
characteristic of K is 2 for n — 4 and 3 for n = 3, then 

H 2 {si n (R)) = R 6 

The organization of this paper is as follows. In Section 1, we review some basic facts 
on Steinberg Lie algebras st„(f?). Section 2 will treat the n — 4 case. The novelty here 
is the use of cosets of the Klein four subgroup in the symmetric group S 4 which acts on 
st 4 (i?) naturally. Section 3 will handle the n — 3 case. Finally in Section 4 we make a few 
concluding remarks. 

§1 Basics on st n (f?) 

Let K be a unital commutative ring and R be a unital associative K -algebra. We always 
assume that R has a Jl-basis {rA}AeA(A i s an index set), which contains the identity element 
1 of R, i.e. 1 G {r A }AeA- 

The A'-Lie algebra of n x n matrices with coefficients in R is denoted by gl n {R). For 
n > 2 , the elementary Lie algebra sl n (R ) (or e n (R)) is the subalgebra of gl n (R) generated 
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by the elements e l3 (a), a G R, 1 < i ^ j < n, where are standard matrix units. Note 
that sl n (R ) can be equivalently defined as sl n (R ) = [gl n (R), gl n (R)}, the derived subalgebra 
Of gl n (R), or sl n (R) = {X G gl n (R)\ tr(X) G [R,R]}. 

Clearly, for any a,b G R, 

[eij(a),ej k (b)} = e ik (ab) (1.1) 

if i,j, k are distinct and 

[e ij ( a ),e k i(b)]= 0 (1.2) 

if j l. 

For n > 3, the Steinberg Lie algebra st n (R) is defined to be the Lie algebra over K 
generated by the symbols X^- (a), a G R, 1 < i ^ j < n, subject to the relations 
( see [Ka], [F] or [BM]): 


a i —> Xij(a) is a K -linear map, 

(1.3) 

[Xij(a),X jk (b)] = X ik (ab), for distinct i,j,k , 

(1.4) 

[Xij(a), X k i(b)} = 0, for j ± k,i ^ l, 

(1.5) 


where a, b G R, 1 < i, j, k, l < n. 

Both Lie algebras sl n (R ) and st n (i?) are perfect (a Lie algebra g over K is called perfect 
if [0, g] = g). The Lie algebra epimorphism: 

(p : sin(R) -> sl n (R), (1.6) 

such that <f>(Xij(a)) = e^(a), is a covering (or central extension) and the kernel of (f) is 
isomorphic to HC\{R ), which is the first cyclic homology group of i?([KL] or [L]). So the 
universal covering of sl n (R) is also the universal covering of 5t„(i?) denoted by st n (i?). Our 
purpose is to calculate st n (R) for any ring K and n > 3. 

The following proposition can be similarly proved as in [AF] for the unitary case. 

Lemma 1.7 Let T := J2i<i<j< n [Xij(R), Xji(R)]. Then T is a subalgebra of st n (R) contain¬ 
ing the center's of st n (R) with [T ,Xij(R)\ C X^iR). Moreover, 

St n (R) = % ®l<,yj< n Xij(R). (1.8) 
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As for the decomposition of st n (.R), we take {/^Jaga, the fixed K -basis of R , then {X^ (r)} 
(r G {taIaga, 1 < i 7 ^ j < n) can be extended to a Jl-basis T of st n (R). 

In fact, the subalgebra X has a more refined structure. Setting 

T i:j (a,b ) = [Xij(a),Xji(b)\, (1.9) 

t(a, b) = Tij(a, b ) — Tij( 1, ba ), (1.10) 

for a, b G /?, 1 < i ^ j < n. Then t(a,b) does not depend on the choices of j(see [KL]). Note 
that Tij(a,b ) is K -bilinear, and so is t(a,b). 

One can easily prove the following lemma (see [KL] or [Gl]). 

Lemma 1.11 Every element iGl can be written as 

x = Y J t(a i ,b i ) + X ’ / u( 1 'b)> 

i 2<j<n 

where a t , bi, Cj G f?. 

The following result is well-known (see [Bl] and [KL]). 

Theorem 1.12 If n > 5, then 0 : st n (R) —■> sl n (R ) gives the universal covering of sl n (R) 
and so the second homology group of Lie algebra stn(R) is H‘ 2 (stn(R)) = 0. 

For later use, we collect some formulas as follows. They can be proved by using the 
Jacobi identity, see [KL], [Gl] or [AG]. 

Tij(a,b ) = —Tji(b, a) 

[Tij(a,b),Xki(c)] = 0 for distinct i,j, k,l 

[-hp'h), Xj/j(c)] X ik (abc), [T)j(o, 6 ), X/jj(c)] X k i(cab) 

[Tij(a, b),Xij(c)\ = Xij(abc + cba) 

[t(a,b),X u (c)] = X u ((ab - ba)c), [t(a, b), X. n (c)\ = -Xn(c(ab - ba)) 

[t(a, b),Xj k (c )] = 0 for j,k> 2 (1.13) 

§2 Coverings of st 4 (f?) 
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In this section, we compute the universal covering st 4 (.R) of In fact, if K is a held 

and char k ^ 2, st 4 (i?) is central closed and the universal covering is itself (see [Gl,Corollary 
2.63]). 

Now we don’t put any assumption on the characteristic of K. 

For any positive integer m, let X m be the ideal of R generated by the elements: ma and 
ab — ba, for a,b e R. Immediately, we have 

Lemma 2.1 X m = mR + R[R, R] and [R, R]R = [i2, R]R 

Proof: Since ma and ab — ba generate Z, then 

X rn = mR + R[R, 1?] + [R, R]R + R[R, R]R. 


Since 

[R, R}R C R[R, R] + [[R, R},R]C R[R, R] + [R, R] C R[R , R] 


and similarly, R[R, R] C [1?, R\R , [1?, R]R = [/?, R]R and so the lemma is proved. □ 
Let 


R m := R ,/ x n 


be the quotient algebra over K which is commutative. Write a = a + X m for a G R. Note 
that if m — 2 then a = —a in R, rn . 


Definition 2.2 W = R® is the direct sum of six copies of R 2 and e m (a) = (0, • • • , a, • • • , 0) 
is the element ofW, of which the m-th component is a and others are zero, for 1 < m < 6. 

Let S 4 be the symmetric group of {1, 2, 3,4}. 

P = {{i,j,k,l)\{i,j,k,l} = { 1 , 2 ,3,4}} 

is the set of all the quadruple with the distinct components. S4 has a natural transitive 
action on P given by o~((i,j, k, /)) = {cr(i), a(j), a{k ), u(/)), for any a e S4. 

= {(1),(13),(24),(13)(24)} 
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is a subgroup of S 4 with [S 4 : H] — 6 . Then S 4 has a partition of cosets with respect to 
H , denoted by 64 = Ul=i c m H. We can obtain a partition of P, P = |_|m=i Pm, where 
Pm. = (<x m P)((l, 2,3,4)). We define the index map 

0:P-{l,2,3,4,5,6h 

by 

— m if (■ i,j,k,l ) G P m , 

for 1 < m < 6 . Particularly, we fix Pi = H{{ 1,2,3,4)), then we have (1,2, 3,4) G Pi and 
0((1,2,3,4)) = 1. 

Using the decomposition (1.8) of st 4 (P), We take a A'-basis Y of st 4 (P), which contains 
{Xij{r)\r G {r A } AeA , 1 < i ^ j < 4}. Define ^ : Y x T -*• W by 

V'pQ^r), X w (s)) = ee((ij,fc,o)(^s) e W, 

for r, s G {r A } AeA and distinct i,j, k, l and ip — 0, otherwise. Then we obtain the A'-bilinear 
map ip : st 4 (P) x st 4 (P) —> W by linearity. 

Recall that a Lie algebra over K is defined to be an algebra satisfying [x, x] — 0 and 
[[&,?/], z] + [[y, z], a;] + [[z,a;],?/] = 0. Note the anti-commutativity does not imply [x,x\ = 0 
for arbitrary K. 

We now have 

Lemma 2.3 The bilinear map ip is a 2-cocycle. 

Proof: First, ab — ab — ba — ba = —ba for a, b G R and if (i,j, k, l ) = <r((l, 2, 3,4))(cr G S 4 ), 
then ( k,l,i,j ) = (a o (13)(24))((1, 2, 3,4)). So (■ i,j,k,l ) and (. k,l,i,j) are in the same P m , 
i.e. O((i,j,k,l))=0((k,l,i,j)). Thus 

(^0 5 (&)) 'l(j(Xkl(b) } Xij(a)) 

So ip is skew-symmetric. Since ip{ 7 , 7 ) = 0 for all 7 G T, we have ip(x,x) = 0 for every 
x G st 4 (P) . 

Next we prove 

z) + ip([y, z\,x) + ip([z,x\,y) = 0, 
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for any x,y,z e st 4 (i?). Denote the left side by J(x,y,z), it suffices to check J(x,y,z) = 0 
on the basis T. According to Lemma 1.7 and Lemma 1.11, the Steinberg Lie algebra st 4 (i?) 
has the decomposition : 

st4(/?) =t(R, R ) © T 12 (l, R) © Ti 3 (1, R) © Ti 4 (1, R) 

©1 <iy£j<n Xij(R), (2-4) 

where t(R, R) is the K -linear span of the elements t(a, b ) 

We will show the following possibilities: 

Case 1: Clearly, the number of elements of x,y,z belonging to the subalgebra % such 
that il}([x,y],z) ^ 0 is at most one. Thus we can suppose that x = X 12 (a),y = X 34 (b) and 
z E X, where a,b e R. We omit the other subcases since they are very similar (although not 
identical). By (2.2), we can assume that either z = t(c,d), where c, d G R, or z = ©^-(l, c), 
where 2 < j < 4 and c G R. When z = t(a,b), then according to the Jacobi identity, we 
have 

J(x,y,z)) = ip([t(c,d),X 12 (a)],X u (b)) 

= ^(Ab. 2 ((erf - dc)a),X u (b)) 

= €i((cd — dc)ba) = 0 ; 

when z = © 12 (c), 

J(x,y,z)) = iP([T 12 (l,c),X 12 (a)},X 3A (b)) 

= ip(Xi 2 (ca + ac),X 34 (b)) 

= ei((ca + ac)b ) = 0 ; 

when z = © 13 (c), 

J(x,y,z)) = iP([X 3A (b), © 13 (c)], X i 2 (a)) + ^([©i 3 (l, c),X 12 (a)],X 3A (b)) 

= ^(X 3A (cb),X u (a)) + ^(X 12 (ca),X 3A (b)) 

= 61 (—eba + cab ) = e\ (c(ab — ba )) = 0; 
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when z = T u (c), 


J(x, y, z) = i/j([X 34 (b),T u (c)],X 12 (a)) +iP([T u (l,c),X l2 (a)],X 3A (b)) 

= M-X u (bc),X 12 (a)) + 4(X 12 (ca),X 3A (b)) 

= ei (bca + cab ) = e 1 (abc — abc ) = 0. 

Case 2: If there is none of {x, y , z} belonging to T, the nonzero terms of J(x, y, z) must be 
i/j([X ik (a), X kj (b)\, X M (c)) or ^([X.u(a), Xij(b)\, X ki (c)) , for distinct i,j,k,l and a,b,c G R. 
One is: x = X ik (a),y = X kj (b) and z = X kl (c) 

J{x,y,z )) = ip(X i:j (ab),X k i(c)) + ip(-X u (ac),X kj (b)) 

0((i ,j,k,l)) {flbc} £<?((»,i,ft,j)) 

= ed((i,j,k,i))( a i bc - cb )) = °- 

The other is: x = Xu(a),y = Xij(b ) and z = X k i(c) 

J{x,y,z )) = 'ip(X ij (ab),X k i(c))+'i/j(X i i(a),X kj (cb)) 

£o((i,j,k,i)) [abc) T 
= £9{(i,j,k,i))(a{bc + cb)) = 0 

as ( i,j,k,l) and (■ i,l,k,j ) are in the same partition of P, i.e. 9((i,j,k,l)) = 9((k,l,i, j)). 
This is because that if (ijkl) = cr((1234))(cr G S 4 ), then ( ilkj) — (a o (24))((1234)). The 
proof is completed. □ 

We therefore obtain a central extension of Lie algebra st^P): 

0 -»• >V -»• sU(R) ^ sU(R) -»• 0, (2.5) 

i.e. 

sU(R) = W©st 4 (P), (2.6) 


with Lie bracket 

[( c ) x )i W,y)\ = (il>(x,y), [x,y]) 
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for all 1 , 1/6 st 4 (i7) and c,c' G VV, where 7r : VV ©st 4 (.R) —> st 4 (.R) is the second coordinate 
projection map. Then, (st 4 (i?),7r) is a covering (or a central extension) of st 4 (i?). We will 
show that (st 4 (i?), 7r) is the universal covering of 5t 4 (i?). To do this, we define a Lie algebra 
st 4 (i?) tt to be the Lie algebra generated by the symbols A^(a), a G R and the A'-linear space 


W, satisfying the following relations: 

a i—* Xij\a) is a JL-linear mapping, (2.7) 

[ x !j(a), x jk( b )\ = x L ( ab )> for distinct i,j, k, ( 2 . 8 ) 

[Ab(a), VV] = 0, for distinct i,j, (2.9) 

[A^-(a), A^( 6 )] = 0 , for distinct i, j, ( 2 . 10 ) 

[A^a), Ajt( 6 )] = 0 , for distinct i, j, k, ( 2 . 11 ) 

[Xij(a), A{j.( 6 )] = 0 , for distinct i,j,k, ( 2 . 12 ) 

[A^a), Aj,(&)] = e 0 (p J)M) )(a&), for distinct j, &, i, /, (2.13) 


where a, 6 G i?,l < i,j,k,l <4. As 1 G A, st 4 (i2) tl is perfect. Clearly, there is a unique Lie 
algebra homomorphism p : st^i?)** —> st 4 (i?) such that p(X' 3 (a)) = X l3 (a) and p|w = id. 

Remark 2.14: Comparing with the generating relations of st^-R) (1.3)-(1.5), we sepa¬ 
rate the case [Aj*-(a), Xh(b)](j ^k,i^l) into four subcases (2.10)-(2.13). 

We claim that p is actually an isomorphism. 

Lemma 2.15 p : st 4 (i?)* ) —» st 4 (A) is a Lie algebra isomorphism. 

Proof: Let T^(a,b) = [A^-(a), A^(6)]. Then one can easily check that for a, b G R and 
distinct i,j, k, one has 

Tpa.b) = -Tpb,a) (2.16) 

Tl(ab. c) = 4(a. be) + T* kj (b , ca) (2.17) 

Indeed, the proof of (2.17) is the same as the proof in [KL] and [Gl,Proposition 2.17]. Put 
t^(a, b ) = Ti 3 (a, b) — 7j7(l, ah) for a, b G R, 2 < j < 4. Then f**(a, b) does not depend on the 
choice of j. Also, one can easily check (as in [AF, Lemma 1.1]) that 

st 4 (A)# = fr # ® 1 <^< 4 A| ? .(A) 
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where 


x<= y [4(fl),x»,(fl)i ® x [4(fl),4(«)i . 

\i,j,k,l are distinct f \l<i</?<4 J 

It then follows from (2.16) and (2.17) above that 

X # = W © ( t\R , R) © t} 2 { 1, /?) © rf 3 (l, /?) © r“ 4 (l, /?)) (2.18) 

where t^(R, R) is the linear span of the elements t^(a,b). So by Lemma 1.11, it suffices to 
show that the restriction of p to t^(R, R) is injective. 

Now the similar argument as given in [AG,Lemma 6.18] shows that there exists a linear 
map from t(R, R) to t^(R, R) so that t(a, b ) i —* $(a, b) for a,b E R. This map is the inverse 
of the restriction of p to t^(R, R). □ 

The following theorem is the main result of this section: 

Theorem 2.19 (st 4 (/?), 7r) is the universal covering of st^R) and hence 


H 2 {sU{R)) = W. 

Proof: The idea for proving this theorem is motivated by [Gl] and [AG]. Particularly, we 
imitate the method of proving the universal covering of stU 4 (4., —, 7 ) in the Section 6 of 
[AG]. 

Suppose that 

0 -»• V -> sU(R) A st 4 (i?) -> 0 


is a central extension of st4(/2). We must show that there exists a Lie algebra homomorphism 
77 : st 4 (i?) — > st 4 (i?) so that r o 77 = it. Thus, by Lemma 2.15, it suffices to show that there 
exists a Lie algebra homomorphism £ : st 4 (/?) tl —> st 4 (i?) so that r of = n o p. 

Using the /©basis {t^Iaga of R, we choose a preimage Xy(a) of X tJ (a) under r, 1 < i / 
j < 4, a 6 {u\}aga, so that the elements Xfj(a) satisfy the relations (2.7)-(2.13). For distinct 
i,j,k, let 

[X ik (a),X kj (b)} = Xij(ab) + (a, 6) 

where /i()(a, b) E V. Take distinct i,j, k, l, then 


X ik (a),[X kl (c),X : y (6)] 


[Wj/j ( 0 ), Xfcj ( cb ) ]. 
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But the left side is, by Jacobi identity, 


]x ik (a),X kl (c)\, X^b)}] + [x fcZ (c),[X ifc (a),X Zj (6)]] = [X u (ac), X^b)}. 
as [X ik (a),Xij(b)} E V. Thus 

[X ik ( a ), X kj (cb)} = [X a ( ac ), X tj (6)] 

In particular, fi^(a,cb) = /i\j{ac,b) and [X ik (a), X k j(b)] = [X t i(a), Xi 3 (b)\. It follows that 
Hij(a,b) = n\j(a,b ) = /i,j(a, b) which show fi^(a,b) is independent of the choice of k and 
/iij(c,b) = /j.ij(l,cb), we have 

(®)j X k j (6)] Xij{ab) T p.y(o,6) 

Taking a = 1, we have 

[X ifc (l), X fci (&)] = A%(6) + a%(1,6) 

Now, we replace X^ib) by X^ib ) + ^-(1,6). Then the elements X t ,j(b) still satisfy the 
relations (2.7). Moreover we have 

[X ik (a),X kj (b)} = Xij(ab) (2.20) 

for a,b E R and distinct i , j, k. So, the elements X i 3 (a) satisfy (2.8). 

Next for k ^ i, k ^ j, we have 

[Xij(a),Xij(b)] = \X-ij (a), \X ik (b ), X kj {l)\ 

= '[Xij(a),Xik(b)],Xkj(l)\ + [x ifc (6),[^-(a),X fcj -(l)]' 

= 0 + 0 = 0 ( 2 . 21 ) 

as both of [Abj(a), Abfc(6)] and [A^-(a), X k j(l)] are in V. Thus, the relation (2.10) has been 
shown. 

For (2.11), taking l {i,j,k} 

\X i:j (a),Xi k (b)} = [A y -(a),[A jZ (6),A Zfc (l)f 

= '[A 4J (a),A jZ (6)],A fci (l)] + [x a (b),\X ^-(a), A^(l)]' 

= 0 + 0 = 0 ( 2 . 22 ) 
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with [Xij(a),Xii(b)}, [Xij(a),Xi k ( 1)] e V. Similarly, we have 

\X ij (a),X kj (b)]= 0 (2.23) 

for distinct i,j, k, which is respect to the relation (2.12). 

To verify (2.13) one needs a few more steps. First, set Ty(o, 6) = [X tJ (a), Xj^b)], The 
following brackets are easily checked by the Jacobi identity. 

P"iy (®j 6 ) i -^Qfc(c)] Xih(cibc). t \T } j (Ct , 6), Xp-j ( c) ] Xkj ( cl)o ) 

and [Tjj(a, 6),X fc/ (c)] = 0 (2.24) 

then we have 

[Ty(a, 6), Xy(c)] = T i:j {a,b),[Xi k {c),X kj ( 1)] 

= [T^(a, 6), X a .(c)], X fci (l) + X ik (c), [Tij (a, b) , X kj (1)] 

= X'ij(abc) + Xij(cba) = X^abc + cba ) (2.25) 

for a, 6, c G R and distinct i,j, k, l. 

Next for distinct i,j,k,l, let 

[Xij(a),X k i(b)] = v l ^{a,b) 
where u kl (a, b) e V. By (2.24) and (2.25), 

2 4(a,b) = [X tj (2 a),X kl (b)] = [[7^(1,1), X^a)], X kl (b){ 

= %{ l,l),[^(a),X w (6)]] + [[T y (l,l),X M (&)],^(«)]^ 

= 0 

which yields 

= -vu(a,b)- (2.26) 

Using Jacobi identity, we have 

u^(bc,a) = [X u (bc),X kj (a)] = [[X ik (b),X kl (c)],X kj (a) 

= [Xi k (b) , X kj (a)], X kt (c) + X ik ( b ) , [X ki (c), X kj (a)] 

= [Xij (6a), X kl (c)] = u k \ ( ba , c). 
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It then follows that 


”kj( b , a ) = v u ( a , b ) = v l ki(ba, !) (2-27) 

where a,b G P and i,j, k, l are distinct. So z/£](P, R) = z4](P, 1). 

Moreover, by (2.25), we get 

Vu ( abc + cba, d) = [X^( abc + cba), X kl (d)} = [T^-(a, b), X i;j (c)], X ki { 1) 

= [T i:j (a, b) , X kl (d)], Xy (c) + 7^- (a, 6 ), [X^- (c), X kl (d)] 

= [ 0 , Xjj(c)] + [Ty(a, 6 ),i/g(c,d)] = 0 (2.28) 

Taking c — d—1 gives (ab + ba, 1) = 0, i.e. 

v m («, & ) = *41 ( &a > !) = ~v l ki ( a b , x ) = *41 («4 1) = *4? (4 a) (2-29) 

Letting c = 1 in (2.28) gives us 

v kMi ab ~ ba ), 1 ) = i%(ab, d) - v%(ba, d) = v%(ab, d) + i/jg( 6 a, d) 

= v k i(ab + ba, d) — 0 (2.30) 

for a,b,c,d e R and distinct i, j, k , /. 

By Lemma 2.1, J 2 = span{2a, c(ab — ba)\a, b,c G P)}, (2.26) and (2.30) show us 

i/g(2h,l) = 0. (2.31) 

Finally, recall that P = |_Jm=i and 0 is the index map. For any a G P, £4 can also act 
on the set {z/g(a, l)\(i,j, k, l) G P} by a(^(a, 1)) = ^'(a, 1) if cr((z, j, k, l)) = {i',j',k',1'). 
For each index of the partition of P, we define a linear morphism 

£{i,j,k,i) : P -»• V by a 1 —>• v kl (a, 1). 

By (2.31), it induces a morphism P 2 —> V, which is still denoted by £,(i,j,k,i)- Moreover, by 
(2.26),(2.27) and (2.29), we get 

(«, !) = ^32 («, !) = ^2(0,1). 
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It shows that the subgroup H = {(1), (13), (24), (13)(24)} of S 4 fixes 1 / 34 ( 0 ,1). Thus, we 
can define = £(i,j,k,i) if m — Q{(hj,k,l)) (i.e. (■ i,j,k,l ) G P m ), which is independent 
on the choice of the elements in P m . Let £ = 1 0 Pm ■ W —> V, where p rn is the 

m-th coordinate projection map of >V = R®. Then, £ can be extended to a Lie algebra 
homomorphism £ : 5 t 4 (R) tt —> st 4 (R), by £(Xjf(a)) = X tJ (a) for a G R and 1 < i 7 ^ j < 4. 
But then r o £(xT(a)) = r o (JQj(a)) = Xfj(a) and n o (a)) = n (Xy(a)) = X*j(a), and 
thus r o £ = 7 T o p are required. We have proved this theorem. □ 

Remark 2.32 If 2 is an invertible element of I\, then R = 2R. Thus X 2 = R and W = 
R® = 0. In this case, st 4 (R) is centrally closed. 

If the characteristic of K is 2, we display the following two examples which are two 
extreme cases. 

Example 2.33 Let R be an associative commutative A'-algebra where char K = 2, then we 
have To = 0 and R 2 = R. Therefore i^st^R)) = R®. 

Example 2.34 Let K be a held of characteristic two. R = HR is the Weyl algebra which is 

a unital associative algebra over K generated by .r 1 ., ,., x/,. t/\ _, Uk subject to the relations 

XiXj = XjXi, UiUj = HjHii XiDj - y-jXi = 5 iy Then J 2 = R, A 2 (st 4 (R)) = 0 and st 4 (R) is 
centrally closed. 

§3 Coverings of st 3 (R) 

In this section we compute _R 2 (st 3 (R)). Recall that Z 3 = 3R+ R[R, R] and R 3 = R/Z 3 is 
an associative commutative K -algebra. 

Definition 3.1 U = R® and denote the six copies of R 3 by R^,R^\R^ arid R 3 
R 3 2 ^,R 3 and denote the corresponding element (0, • • • , a, • • • , 0) E U, where 

a G R 3 . 

For convenience, we use the symbol: 

! 1 , if m < n 

, for 1 < m 7 ^ n < 3. 

— 1 , if m > n 
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Taking the Jl-base T of st 3 (i?) containing (AX^r)} (r G {ta}aga, 1 < i 7 ^ j < 3). We define 
0 : T x T —► U by 

' H X ij(,r),X ik (s )) = si#n(j, /c)(rs) w 
0(A ij (r), A: fcj (s)) = sign{i,k)(rs) { ~ 3) 
for r, s G {ta}agA and distinct i,j, k, and 

00 c, y) = 0 , otherwise. 

Then 0 can be extended to a bilinear map 5t 3 (i?) x st 3 (i?) —► U. 

We have 

Lemma 3.2 The bilinear map 0 is a 2-cocycle. 

Proof: By the definition, 0 is skew-symmetric. Since 0 ( 7 , 7 ) = 0 for all 7 in the basis T of 
st 3 (i?), ip(x, x) = 0 for any x G st 3 (i?). 

Similarly to the proof of Lemma 2.3, we show J(x,y,z ) = 0, for x,y,z G st 3 (i?). It 
suffices to verify this by choosing x, y, z from T. By the decomposition, 

5 t 3 (.R) = t(R, R ) © T 12 (l, R) © Ti 3 (1, R) ©1 <i^j <3 Xij(R) (3-3) 

We consider the following cases. 

Case 1: There is at most one element of {x, y,z} in the subalgebra X. Let zGl 
We first verify two subcases x = A ' 12 (a), y = X ' 13 (b) and x = X 2 i(a),y = X 31 (b) for 
a,b G R. By (3.3), we assume that either z = t(c,d), where c, d G R, or z = T0(1, c), where 
2 < j < 3 and c G R. 

If x = X' 12 (a), y = A0 3 (6), we have, according to the Jacobi identity, when z = t(c,d), 

J(x, y,z )) = 0([A0. 3 (&), t(c, d)], X 12 (a)) + 0([t(c, d), X 12 (a)\, X 13 (b)) 

= —i/>(X 13 ((cd - dc)b),X 12 (a)) + 0(AC 12 ((cd - dc)a),X 13 (b)) 

= (a(cd — dc)b + ( cd — dc)ab)^ = 0 ; 
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when z = Ti 2 (l, c), 


J(x, y, z)) = iP([X 13 (b), T 12 ( 1, c)], X 12 (a)) + ^([^(l, c), X 12 (a)], X 13 (&)) 
= ^(-X 13 (cb),X V 2 (a)) + ^(Xi 2 (ca + ac),X 13 (b)) 

= ( acb + (ca + ac )^) 1 = (3a6c) (1) = 0; 

when z = Ti 3 (l, c), 

•/(*, y, z)) = iP([X 13 (b), T l3 ( 1, c)], X 12 (a)) + -0([T\ 3 (1, c), X 12 (a)], X 13 (&)) 
= ^(-X 13 (cfe + 6 c),X 12 (a)) +^(X 12 (ca),X 13 ( 6 )) 

= (a(c 6 + be) + cah ) 1 = (3a6c) (1) = 0. 

On the other hand, if x — X 2 l (a),y = X 31 (b), when z = t(c, d ), 

J(x,y,z)) = ip([X 31 (b),t(c,d)\,X 21 (a)) + 'ip([t(c,d),X 21 (a)],X 3 l (b)) 

= ip(X 3 i (b(cd - dc))X 2 l (a)) - ^(X 2 i(a(cd - dc)),X 3 i(b)) 

= —(( ab(cd — dc ) + a(cd — dc)b)Y~^ = 0; 

when z = Ti 2 (l, c), 

J(x, y, z)) = iP([X 31 (b), T 12 ( 1, c)],X 21 (a)) + c), X 21 (a)], X 31 (b)) 

= ^(X 31 (bc),X 21 (a))-^(X 21 (ca + ac),X 31 (b)) 

= (— abc + ( ca + ac)b) i = (—3a6c)^ 1) = 0 ; 

when z = Ti 3 (1, c), 

•/(*, y, z)) = iP([X 31 (b), T 13 ( 1, c)], X 21 (a)) + ^([T 13 (l, c), X 21 (a)], X 31 ( 6 )) 
= ip(X 3l (cb + bc),X 2 l (a)) — ^(X 21 (ac), X 31 (&)) 

= — (a(c 6 + be) + ac 6 )i = (—= 0 . 


As for the other subcases, they are similar to the above subcases except the following 
subcase which does not appear above. When x = X 23 (a),y = X 2 i(b) and z = t(c,d), 


J(x, y, z)) = ip([X 21 (b),t(c, d)},X 23 (a)) + ip([t(c, d),X 23 (a)],X 21 (b)) 
= i/j(X 21 (b(cd - dc)),X 23 {a)) + V>(0 ,X 21 (b)) 

= ( b{cd — dc)a ) ( - 2) = 0 . 
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Case 2: If there is none of {x,y,z} belonging to T, the nontrivial terms of J(x,y,z ) 
must be i/;([X ik (a), X kj (b)\, X ik (c)) or i/;([X ik (a),X kj (b)],X kj (c)), for a,b,c G R and distinct 

One is: x = X ik (a),y = X kj (b) and z = X ik (c) 

J(x, Vi (o) i X k j (6)], Xik (c) ) “I - 0 (X k j (6), Xi k (c)], Xi k (a)) 

= 0 (Xy (ah), (c)) + 0 (-Xjj (c6), X ifc (a)) 

= (abc — cba = 0 

The other is: x = X ik (a),y = X k j(b) and z = X k j(c) 

J(x,y,z)) = i>([X ik (a),X kj (b)},X kj (c)) +ip(X kj (c),X ik (a)],X kj (b)) 

= 0 (Xij ( ab ), X kj (c)) + 0 ( -Xij ( ac ), X kj ( b )) 

= (abc — acb)(~^ = 0 

The proof is completed. □ 

It is similar to the case, we obtain a central extension of st^R). 

st 3 (R) A st 3 (R) -*• 0, (3.4) 

i.e. 

St.3(/) > ) =W©st3(i?), (3-5) 

and define 5ts(i?) tt to be the Lie algebra generated by the symbols Xfj(a) ,a G R and the 


K -linear space U , satisfying the following relations: 

a i—* Xjj*(a) is a /©linear mapping, (3.6) 

[A^-(a), X| fc (6)] = X| fc (ah), for distinct i,j, k, (3.7) 

[Xfj(a),lA\ = 0, for distinct i,j, (3.8) 

[Xfj(a), Xfj(b)] = 0, for distinct i,j, (3.9) 

[Xfj(a),Xf k (b)\ = sign(j , k)(ab)\ for distinct i,j, k, (3.10) 

[xfj(a),xlj(b)] = sign(i, k)(ab)j, for distinct i,j, k, (3.11) 
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where a,b e R, 1 < i,j,k < 3 are distinct. st 3 (i?)* ) is perfect and there is a unique Lie 
algebra homomorphism p : st 3 (i?)* t —> sts(.R). We have separated the case (1.5) into three 
subcases (3.9)-(3.11). 

As was done in Lemma 2.15, we have 

Lemma 3.12 p : st 3 (RY —» st^R) is a Lie algebra isomorphism. 

Now we can state the main theorem of this section. 

Theorem 3.13 (st 3 (l?),7r) is the universal covering of st 3 (R) and hence 

H 2 (st 3 (R))=U. 

Proof: The idea to prove this theorem is similar to the proof of Theorem 2.19. But there 
are some slight differences. The point is that since 1 < i, j, k < 3, if i,j, k are distinct, then 
k is uniquely determined once i,j are chosen. 

Suppose that 

0 -> V ->• st 3 (R) A 5 t 3 (i2) -> 0 

is a central extension of st 3 (R). We must show that there exists a Lie algebra homomorphism 
r/ : st 3 (R) —> st 3 (R) so that r o p — n. Thus, by Lemma 3.12, it suffices to show that there 
exists a Lie algebra homomorphism £ : st 3 (/?)** —> st 3 (R) so that r o £ = n o p. Choose a 
preimage X l , J (a) of X tJ (a) as in Section 2. 

(i). Again let T t] {a, b) = [Xy(a), Xji(b)], then 

[T ik ( 1,1), Xy(a)] = Xij(a) + ^(a) 

where /iq(a) G V. Replacing X tJ (a) by X l3 (a) + /iq(a). By Jacobi identity, we have 
[Tik(l,l),Xik(a)],Xkj(b) + Xik(a),[Tik(l,l),Xkj(b)] = T)fc(l, 1), [Wfc(«), Xkj(b)] 
which yields 

2 [X ik (a), X k j(b)] — [X ik (a), X k j(b)] = [T ik (l, 1), Xij(ab)\ 
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i.e. 


[X ik {a),X kj {b)]=X ij {ab) (3.14) 

This gives (3.7). The proof of the relation (3.9) is exactly same as (2.21). 

(ii). To show Xij(a) satisfy (3.10) and (3.11), We define 

[Xij (a) , X ik (b )] = v) k (a, b ) and [X i:j (a ), X kj (6)] = vf (a, b ) 

where z/* fc (a, b), z/* fc (a, b) G V. Then 

*iM) = [XM^b)] = [W/(a), \Xij(l),X jk (b)i 

= [Xij{\),X ik (ab)\ = v) k {l ,ab). (3.15) 

Moreover, we have 

0 = 1), [Xij(a),X ik ( 1)] 

= \T ij {l,l\X ij {a)lX i k{l)}\ + [wp'(a), l),X ik (l)] 

= 2 [X ij {a),X ik {l)\ + [X i:j (a),X ik ( 1)] = 3z/ fe (l, a) = z/] fc (l,3a). (3.16) 

Similarly, we have 

Vj k (a,b) = Vj k (l,ab) and z/) fc (l, 3a) = 0. (3-17) 

Set t(a,b ) = Tij(a,b ) — T)ij(l, 6 a), which does not depend on the choice of j. By the 
Jacobi identity and (3.16), 

0= [t(a,b),[X 12 (l),X 13 (c)\ 

= ]t(a,b),X 12 (l)},X l 3 (c)]\ + [x l2 (l ),[t(a,b),X 13 (c){ 

= [X 12 (ab - ba),X 13 (c)] + [X 12 (l),X 13 ((ab - ba)c )] 

= 1/33(1, 2 (ab — ba)c ) = —1/33(1, (ab — ba)c ) 
i.e. ^ 23 ( 1 , (ab — ba)c ) = 0 . Also, 

0= [t(a,b),[X 12 (l),X 32 (c)\ 

= ~[t(a,b),X 12 (l)],X 32 (c)} 

= [X 12 (ab^ba),X 32 (c)] 

= v\ 3 (ab — ba, c ) = ^(l, (ab — ba)c). 
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One can show the general cases, 


Uj k ( 1, (ab — ba)c) = 0 and z/j fc (l, (ab — ba)c) = 0 (3.18) 

for a, 7, c G R and distinct 1 < i, j, k < 3. 

Since Z 3 = span{3a, (ab — ba)c\a, b, c G /?}, by (3.16), (3.17) and (3.18), we have 

v) k { 1,X 3 ) = 0 and z/f(l,J 3 ) = 0 (3.19) 

Finally, 

* 4 (M) = [X ik {l),X i:j (a)] = -[X i:j (a),X ik ( 1 )] = -i^ fc (a, 1 ) = , a) 

If we denote z/j fc (l,a) = z/*(l,a) for j < k, then z/* fc (l,a) = —v l (l , a). The same assumption 

! z/j(l, a) for i < k, 

—Vj{ 1, a) for i > k. 

Taking ^ : U -> st 3 (i?) by ^((a) w ) = z/(l,a), ^((a) (_ ^) = ^(l,a) and £|~ t3(i?) = id. 

Then the rest of the proof is similar to Theorem 2.19. □ 

Remark 3.20 If R is commutative and char I\ = 3, then we have X. = 3 R + R[R, R] = 0, 
i ?3 = X. Thus, 772(st3(X)) = R 6 ^ 0. [KL] indicated that 77 2 (st 3 (7?)) = 0 when | e 77. 
This claim is not true. Again, as in Example 2.34, if R = W k the Weyl algebra, then Z 3 = R , 
77 2 (st 3 (7?)) = 0 and st 3 (72) is centrally closed. 

§4 Concluding remarks 

Combining Theorem 1.12, Theorem 2.19 and Theorem 3.13, we completely determined 
H 2 (stn(R)) for n > 3. 

Theorem 4.1 let K be a unital commutative ring and R be a unital associative K-algebra. 
Assume that R has a K-basis containing the identity element. Then 



0 

for n > 5 

77 2 (st n (7?)) = < 

Rt 

for n — 4 


R t 

for n — 3 
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It then follows from [KL] that 


Theorem 4.2 let K be a unital commutative ring and R be a unital associative K-algebra. 
Assume that R has a K-basis containing the identity element. Then 


H 2 {sl n (R )) = 


HCfiR) for n > 5 

Rl@HC 1 {R) for n — 4 
Rl®HCfiR) for n — 3 


where HCfiR) is the first cyclic homology group of the associative K-algebra R(See [KL] 
or[L]). 
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